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CLOSED AND σ-FINITE MEASURES
ON THE ORTHOGONAL PROJECTIONS
MARJAN MATVEJCHUK 1
We characterize the connection between closed and σ-finite measures on
orthogonal projections of von Neumann algebras.
LetA be a von Neumann algebra acting in a separable complex Hilbert space
H and let Apr be the set of all orthogonal projections (=idempotents) from A.
A subset M⊆ Apr is said to be ideal of projections if:
a) p ≤ q where p ∈ Apr, q ∈ M ⇒ p ∈ M; b) p, q ∈ M and ‖pq‖ < 1 ⇒
p ∨ q ∈ M; c) sup{p : p ∈ M} = I.
Put Mp := {q : q ∈ M, q ≤ p}, ∀p ∈ A
pr. Note that Apr is the ideal of
projections, 0 ∈Mp, ∀p, and the conditions 1), 2) are fulfilled on Mp.
A function µ : M→ [0,+∞] is said to be a measure if µ(e) =
∑
µ(ei) for
any representation e =
∑
ei. Let µ1 : M1 → [0,+∞] and µ2 : M2 → [0,+∞]
be measures. The measure µ2 is said to be the continuation of µ1 if M1 ⊂M2
and µ1(p) = µ2(p), ∀p ∈ M1. A projection p ∈ A
pr is said to be: projection of
finite µ-measure if sup{q ∈Mp} = p and sup{µ(q) : q ∈Mp} < +∞; hereditary
projection of finite µ-measure if q is the projection of finite µ- measure for any
q ∈ Apr, q ≤ p.
The measure µ is said to be: finite if µ(p) < ∞, ∀p; infinite if there exists
p ∈ M such that µ(p) = +∞; fully finite if sup{µ(p) : p ∈ M} < +∞; closed
if µ is finite and p ∈ M if p is the hereditary projection of finite µ-measure;
σ-finite if M = Apr and there exists a sequence {pn} ⊂ A
pr such that pn ր I
and µ(pn) < +∞, ∀n.
The following Proposition will be needed in Theorem 3.
Proposition 1. Let A be a finite von Neumann algebra acting in the sepa-
rable Hilbert space H and let M ⊆ Apr be the ideal of projections. Then there
exists a sequence {en} ⊂M such that en ր I.
Proof. Let τ be a faithful normal finite trace on A+. The proof consists of
several steps.
i). Fix ǫ > 0. Let us prove that there exists pǫ ∈ M such that τ(pǫ) >
τ(I) − ǫ. By b) and by separability of H , there exists a sequence {qn}
∞
1 ⊂ M
with sup{qn} = I.
1). Put f1 := q1.
2). Let q2f1q2 =
∫ 1+
0
λde
(2)
λ be the spectral decomposition of q2f1q2. Here
e
(2)
λ is the left continuous decomposition of identity. Fix k ∈ N . By the left
continuous of e
(2)
λ , there exists β ∈ (0, 1) such that τ(e
(2)
1 − e
(2)
β ) < (
1
2 )
k+1. Put
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q′2 := q2 ∧ e
(2)
β . By 1), q
′
2 ∈ M. By the construction of β, ‖q
′
2f1‖ ≤ β (< 1).
Hence f1∨q
′
2 ≤ q1∨q2 and by b), f2 := f1∨q
′
2 ∈M and τ(q1∨q2−f2) < (
1
2 )
k+1.
3). Let q3f2q3 =
∫ 1+
0 λde
(3)
λ be the spectral decomposition of q3f2q3. Let us
choose β ∈ (0, 1) such that τ(e
(3)
1 − e
(3)
β ) < (
1
2 )
k+2, again. Put q′3 := q3 ∧ e
(3)
β .
By a), q′3 ∈ M. By the construction of β, we have ‖q
′
3f2‖ ≤ β (< 1). Again by
b), f3 := f2 ∨ q
′
3 ∈ M. Thus
f3 ≤ f2 ∨ q3 ≤ f1 ∨ q2 ∨ q3 = q1 ∨ q2 ∨ q3
and
τ(f2 ∨ q3 − f2 ∨ q
′
3) ≤ (
1
2
)k+2, τ(q1 ∨ g2 ∨ q3 − f2 ∨ g3) < (
1
2
)k+1.
Therefore τ(q1 ∨ q2 ∨ q3 − f3) ≤ (
1
2 )
k+1 + (12 )
k+2.
Let us continue the process of construction of {fn} by the induction with
respect to n.
n). Let the projection fn−1 ∈M it was chosen. Let qnfn−1qn =
∫ 1+
0
λde
(n)
λ
be the spectral decomposition of qnfn−1qn. Let us choose β ∈ (0, 1) such that
τ(e
(n)
1 − e
(n)
β ) < (
1
2 )
k+n−1. Put q′n := qn ∧ e
(n)
β . By a), q
′
n ∈ M. By the
construction of β, we have ‖q′nfn−1‖ ≤ β (< 1). By b), fn := fn−1 ∨ q
′
n ∈ M.
Thus
fn = fn−1 ∨ q
′
n ≤ ∨
n−1
1 qi ∨ qn = ∨
n
1 qi
and
τ(∨n1 qi − fn) ≤ (
1
2
)k+1 + · · ·+ (
1
2
)k+n−1 < (
1
2
)k.
For the given ǫ > 0 let us choose m ∈ N such that τ(I − ∨m1 qi) <
ǫ
2 and
k ∈ N such that ǫ2 > (
1
2 )
k (> τ(∨m1 gi − fm)). Then the projection pǫ := fm is
that in question.
ii) Now let en := ∧m≥np2−m . Then e
⊥
n = ∨m≥np
⊥
2−m and τ(e
⊥
n ) ≤
∑
m≥n 2
−m =
2−n+1. The sequence {en} is valid. ✷
Theorem 2. Let A be a semifinite von Neumann algebra containing no
direct summand of type I2 acting in the separable Hilbert space and let µ : A
pr →
[0,+∞] be the σ-finite infinite measure and Mµ := {p ∈ A
pr : µ(p) < +∞}.
Then Mµ is the ideal of projections. If A is a finite von Neumann algebra then
the restriction µ1 := µ/Mµ is the closed measure.
Proof. 1). Let us prove that Mµ is the ideal of projections. It is clear that
a) on Mµ is fulfilled. Let p, q ∈ Mµ and ‖pq‖ < 1. It is sufficient to consider
the case p, q when p, q are projections in general position in H , i.e.
p ∧ q = (p ∨ q − p) ∧ q = (p ∨ q − q) ∧ p = 0. (1)
By (1), pqH = pH .
2
i). Let us suppose first that projections p, q are finite with respect to A.
There exists a representation q = q1 + q2 + q3 (if A is the continuous algebra
then q3 = 0) q1, q2, q3 ∈ M such that the orthogonal projections pi onto
subspaces pqiH , i = 1, 2, 3 are mutually orthogonal and there exist the partial
isometries vi ∈ A, i = 1, 2, 3 such that qiH are the initial subspaces and the
final subspaces in (q − qi)H . The von Neumann algebra A
i generated by pi,
qi and vi is direct integral of factors of type I3. By the construction, pi, qi,
viqiv
∗
i ∈M. By Lemma
(1), µ(pi ∨ qi − pi) < +∞ (and hence µ(pi ∨ qi) < +∞)
if Ai is the type I3 factor. If A
i is the direct integral of factors, the proof
of µ(pi ∨ qi) < +∞ repeat of the proof of Lemma
(1). Thus the inequality
µ(p ∨ q) = µ(
∑
i pi ∨ qi) < +∞ is proved. By Lemma 5
(3),
µ(p ∨ q) ≤ (1− ‖pq‖)−1(µ(p) + µ(q)). (2)
ii). Let us consider now the general case of p, q ∈ M. Let pn ∈ M be a
sequence of finite projections, pn ր p and let qn be the orthogonal projection
onto qpnH . The projection qn is finite and pn ∨ qn ր p∨ q. The projections pn
and qn are in the general position on the space pn ∨ qnH . By (2),
µ(p ∨ q) = limµ(pn ∨ qn) ≤ lim(1− ‖pn ∨ qn‖)
−1(µ(pn) + µ(qn)) ≤
(1− ‖pq‖)−1)(µ(p) + µ(q)) < +∞.
Hence p ∨ q ∈Mµ and thus Mµ is the ideal of projections.
2). Let {en} be the sequence from Proposition 1. Then p∧en ր p, ∀p ∈ A
pr.
If sup{µ1(p ∧ en) : n} < +∞ then p ∈ Mµ. Thus the set Mµ contain any
hereditary projection of finite µ-measure. By the definition, µ1 is the closed
measure. ✷
Theorem 3. Let A be a finite von Neumann algebra containing no direct
summand of type I2 acting in the separable Hilbert space. Then any closed
measure µ :M→ [0,+∞] can be extended to a σ-finite measure.
Proof. Let µ :M→ R be a closed measure. By Theorem (2), any full finite
measure can be extended by the strong operator topology to a unique fully finite
measure on Apr. Now we may assume that the measure µ is not fully finite.
Put µ1(p) := +∞ for any p ∈ A
pr\M and µ1(p) := µ(p), for any p ∈ M. Let us
prove that the function µ1 : A
pr → [0,+∞] is a σ-finite measure. Let p =
∑
pi
be a decomposition of p ∈ Apr . By a) and by the definition of the measure, we
have µ1(p) =
∑
i µ1(pi) for any p ∈M. Now let p ∈ A
pr\M. Let us assume for
the moment
∑
i µ1(pi) < +∞. By the finiteness of A, the assumption gives us
that p is the projections of finite µ measure. By Proposition 1, p is a hereditary
projection of finite µ-measure. By the condition of the Theorem, p ∈ M. We
have the contradiction with p ∈ Apr\M. Therefore
∑
i µ1(pi) = +∞ = µ1(p).
Let {en} be the sequence from Proposition 1. Hence µ1 is a σ-finite measure.
✷
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